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Pertinent characteristics of three dimensionless and comparable model-performance or model-efﬁciency
measures are examined and compared. Our model-assessment recommendations apply to many types of
environmental models. Representing measures based on sums-of-squared errors or “quadratic measures” (by far, the most widely used class) is Nash and Sutcliffe's (1970) well-known efﬁciency measure
(E). Our assessments of E, by and large, also apply to similar-in-form benchmark measures (Seibert,
2001). Legates and McCabe's (1999) version of E (E1) and Willmott et al.'s (2012) reﬁned index of
agreement (dr) represent the less-often-employed but more interpretable class of measures based on
sums of error magnitudes. Conceptual and algebraic arguments are used in conjunction with assessments of many parameter sets of the Soil and Water Assessment Tool (SWAT) hydrologic model, over the
period 1950e2005. Our ﬁndings suggest that, of the three measures, dr has the broadest utility, followed
in order by E1 and E.
© 2015 Elsevier Ltd. All rights reserved.
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1. Introduction
Process-based numerical models are developed and applied
within nearly all of the environmental sciences and engineering,
although here we draw mainly from work in hydrology and climate
science (e.g., Singh and Frevert, 2006; Ficklin et al. 2012; Bring and
Destouni, 2014; Ashofteh et al. 2015). An essential aspect of these
endeavors is estimating and describing how well the models
perform; or, in slightly different terms, how well model-estimated
variables compare with corresponding, reliable observations (cf,
Willmott et al. 1985; Bennett et al. 2013). Approaches vary from
traditional quantitative comparisons of statistical or numerical
criteria and associated graphics (e.g., Willmott, 1981, 1982;
Willmott et al. 1985; Gupta et al. 2009) to expert assessments of
similarity among model-estimated and observed variables (e.g.,
Crochemore et al. 2015). Our interest here, however, is on efﬁcacious statistical or numerical comparisons of model-produced estimates or predictions with corresponding, independent (of the
model) and reliable observations. This remains “an open and critical issue” (Berthet et al., 2010) because of nontrivial questions
about sums-of-squared-based or “quadratic” error measures. More
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speciﬁcally, our focus here is on three increasingly used dimensionless measures of accuracy that, we believe, comprise a key
subset of the wider array of approaches to assessing model performance (Bennett et al. 2013).
Important but often underappreciated distinctions between
model-performance and model-training statistics (cf, Willmott,
1981, 1982; Gupta et al. 2009; Ehret and Zehe, 2011) are brieﬂy
summarized here, as understanding of several of our key points
depends on them. Most model-training statistics emerged from
well-known statistical techniques for ﬁtting functions to data
(Draper and Smith, 1998), primarily by minimizing sums-ofsquares deviations between corresponding sets of modelproduced estimates and observations. The mathematical and statistical properties of these approaches are well known (Draper and
Smith, 1998) and familiar to most environmental scientists and
engineers (e.g., Gupta et al. 2009; Bennett et al. 2013). Modeltraining statistics have been useful in estimating modelparameter sets, in recalibrating ﬁt-model parameters, and in
decomposing sets of model deviations from observations (cf,
Willmott, 1981, 1982; Gupta et al. 2009). There are, however,
frequently overlooked but important interpretational problems
associated with the application of these sums-of-squares-based
statistics to the evaluation of model performance. These problems
arise because sums-of-squared-based statisticsdlike the
frequently reported root-mean-square errordare inﬂuenced by
three independent variables: the mean of the individual error
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magnitudes, the variability among the error magnitudes, and the
number of observations or domain of integration (Willmott and
Matsuura, 2005, 2006). Despite common usage (e.g., Gupta et al.
2009; Bennett et al. 2013; Ashofteh et al. 2015), the mix of inﬂuences from these three variables on a sum-of-squares-basederror statistic makes meaningful interpretations of it or comparisons among two or more such statistics difﬁcult or even impossible.
Many routinely reported sums-of-squared-errors statistics are
(virtually always) overestimates of average error-magnitude
(Willmott and Matsuura, 2005, 2006).
Unlike in model training, when evaluating model performance,
the model structure and its parameters are (or should be) already
known. As a result, there is no need to solve for them by minimizing
sums-of-squared-error or -deviation measures. Further, the observations to which the model-produced estimates are being
compared should be independent of the model. The primary value
of model-performance-error statistics should be in what they
convey about the size and nature of model-prediction/estimation
error and not in parameter estimation, calibration or decomposition. Several model-performance-error statistics that are based on
sums of absolute values (magnitudes) of errors, on the other hand,
have straightforward interpretations and can be readily compared;
so, they generally are preferable. Our assessments and comparisons
of dimensionless model-performance measures are informed by
these considerations.
While there is a wide variety of recommended modelassessment or -efﬁciency statistics available (cf, Nash and
Sutcliffe, 1970; Legates and McCabe, 1999; Seibert, 2001; Gupta
et al. 2009; Willmott, 1981, 1982; Willmott et al., 2012), at a minimum, we encourage researchers to evaluate, report, and interpret
at least one dimensioned and one dimensionless measure of
average error-magnitude. The mean bias error (MBE) also can be
useful in that it describes average over- or under-prediction,
although we do not examine it here. Our judgment (Willmott and
Matsuura, 2005, 2006) is that the mean absolute error (MAE) is
the preferred measure of average error-magnitude and that one of a
handful of available dimensionless indices also should be reported
and assessed (Willmott et al., 2012). Oyler et al.'s (2015) application
of the MAE and Willmott et al.'s (2012) reﬁned index of agreement
illustrate the usefulness of this approach. Inspection of one-to-one
scatterplots of predicted on observed variables and related graphics
also are essential and can reveal distributional aspects of the relationship, systematic biases, and outliers (Bennett et al. 2013). Our
focus within this paper is on comparing the available dimensionless
indices of model performance for environmental (especially hydrologic) applications.
In a “Short Communication”, Willmott et al. (2012) compared six
of these dimensionless indices of model performance, based on
conceptual and algebraic arguments made in conjunction with
sensitivity assessments using a pseudo-random number generator.
Within this paper, we build on Willmott et al.’s analyses and
compare, in greater depth, the two most commonly used in the
hydrologic sciences and engineeringdNash and Sutcliffe's (1970)
coefﬁcient of Efﬁciency (E) and Legates and McCabe's (1999)
reﬁnement of E (E1)dwith the reﬁned index of agreement (dr)
offered by Willmott et al. (2012). Reﬁnements and decompositions
of Nash and Sutcliffe's E have appeared in the literature many times
(e.g., Legates and McCabe, 1999; Seibert, 2001; Gupta et al. 2009)
but, since the original measure remains representative and is still
widely employed, it serves well here to characterize the class of
sums-of-squares-based error measures. The behavior of E, for
example, parallels and, in turn, represents the behavior of benchmarkebased measures discussed by Seibert (2001). Our comparisons here emphasize both the salient properties of these three
measures and how well each one illuminates the performances of

alternate versions (parameterizations) of the Soil and Water
Assessment Tool (SWAT) streamﬂow model (Arnold et al. 1998).
Our discussion begins with necessary deﬁnitions and algebraic and
conceptual comparisons, followed by performance assessments of
an array of alternate parameterizations of the SWAT streamﬂow
model, applied to predicting ﬂow within the American, Sacramento
and Kern River basins in California (Fig. 1).
2. Background
For many years, Nash and Sutcliffe's E and reﬁnements of it (e.g.,
Seibert, 2001; Gupta et al. 2009) have been widely applied in the
hydrologic sciences and engineering but Legates and McCabe's
important modiﬁcation of E (E1), in particular, is becoming
increasingly popular, according to citation counts. Willmott et al.’s
revised index (dr) is newer but already it too has found a number of
applications (e.g., Gaitan et al. 2014; Ward et al. 2013; Bring and
Destouni, 2014; Oyler et al. 2015), and we think that it has
considerable promise within the environmental science and engineering communities. Although the algebraic details of E, E1 and dr
were detailed by Willmott et al. (2012), they can be rewritten and

Fig. 1. American, Kern, and Upper Sacramento River watershed-model domains
(outlined in red). Observed and simulated streamﬂow-discharge values are assessed at
the watershed outlets (green triangles). (For interpretation of the references to colour
in this ﬁgure legend, the reader is referred to the web version of this article.)
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discussed more succinctly in terms of their summed and averaged
components: these include; the mean-square error (MSE), the
mean-absolute error (MAE), and the observed variance (s2o ) and
mean-absolute deviation (MAD) associated with the observed
variable.
The averaged sumsdthe MSE, the MAE and the MADdcan be
expressed as

i¼1

MSE
MAE
and E1 ¼ 1 
c$MAD
c2 $s2o

60

40

0
0

with the scaling coefﬁcient c ¼ 1.0. Nash and Sutcliffe (1970) and
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Fig. 2. Twenty randomly selected hypothetical observations and corresponding hypothetical model-predicted values. The hypothetical model estimates central tendency
within the observations well. The moderate value of dr conveys this, while the negative
values of E1 and E understate the overall performance of the model.

1

1

E1 = −0.0946
E = −0.462

(2)

8
>
>
<

dr = 0.453

20

wherein model-derived estimates or predictions (Pi; i ¼ 1,2,…,n)
are compared with pairwise-matched observations (Oi; i ¼ 1,2,…,n)
that are judged to be reliable,

 and wi is a scaling assigned to each
(Pi Oi)2,jPi  Oij and Oi  O according to its hypothesized inﬂuence on the total error or total deviation (Willmott and
Matsuura, 2006). For simplicity here, we let wi ¼ 1.0 for all i;
thusly here, they sum to ndthe number of pairs of model estimates
and observations. The units of P and O are the same.
In terms of these error and deviation averages, E and E1 can be
written as

E ¼1
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(3)
when MAE > c$MAD

with c ¼ 2.0. The rationale for c ¼ 2.0 is described below.
While all three statistics are derived from average-error (the
MSE or the MAE) and average-deviation (s2o or MAD) measures,
each translates and conveys the relationships between the MSE or
MAE and s2o or MAD somewhat differently.
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Responses of E, E1, and dr to differing patterns of error size and
variability are similar, but there are important differences.
Perhaps the most important difference is that the ranges of E and
E1 are (∞ < E  1.0) and (∞<E1  1.0), while dr has ﬁnite lower
and upper bounds (1.0  dr  1.0). Increases and decreases in dr
and E1 are monotonic over their entire response domains (see
Fig. 3 in Willmott et al., 2012) but this monotonicity does not hold
between E and E1 [even though their algebraic structures are quite
similar, see Equation (2)] or between E and dr, since it is the square
of each term that inﬂuences E rather than the absolute value of
each term that inﬂuences E1 and dr. It should be noted that this
monotonicity between changes in E1 and dr does not mean that E1
and dr are the same measure, no more than Kelvin, Celsius, and

Kern
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3. Interpretations of E, E1 and dr
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0
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1

dr
Fig. 3. Reﬁned index of agreement (dr) and the corresponding NasheSutcliffe coefﬁcient of efﬁciency (E, colored “þ” symbols) and Legates and McCabe value (E1, colored
“B” symbols) for each of the 500 different sets of model parameters, for each of three
major California river basins; the American (
), Sacramento (
) and
Kern (
). Data are the observed and modeled monthly streamﬂow from January
1950 to December 2005. The 1:1 line is plotted for reference. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version of
this article.)

Fahrenheit are the same temperature scale. While salient aspects
of the similarities and differences among E, E1, and dr are our
central theme, our discussion emphasizes differences between E1
and dr becausedeven though these differences may appear
subtledthey can be important.
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It also should be understood that dr and E1 are scaled algebraic
descriptions of average error-magnitude, and that their main value
lies in scientiﬁc interpretations of their magnitudes and signs. Their
statistical (distributional) properties generally are of lesser importance. Nonetheless, if the original observed and corresponding
model-predicted values are available, the pertinent distributional
properties of dr or E1 can be assessed using resampling methods,
such as bootstrapping (cf, Willmott et al., 1985).
3.1. Positive portions of E1's and dr's domains
Interpretations of either E1 or dr over the positive portion of its
response domain are relatively straightforward (cf, Table 1); that is,
each measure describes the relative extent (in a proportion) to
which a set of model predictions is, on average, error free. A value of
dr of 0.75, for instance, indicates that 75 percent of the total or
average reference error is accounted for by the model predictions.
3.2. Negative portions of E1's and dr's domains
Interpretations of values of E1 or dr that fall within the negative
portion of its response domain are slightly less straightforward
than interpretations of positive values, and often require some
minor translation. Within the negative portion of dr's domain, the
relative magnitudes of each dr as well as differences (distances)
between two or more values of dr can be somewhat more easily
assessed and interpreted than negative values of E1, primarily
because dr approaches its lower limit (1.0) asymptotically.
Well-informed assessments of the predictive abilities of poorly
performing models (MAE > c$MAD) require ﬁdelity over the
negative portion of the statistic's domain. Negative values of dr (cf,
Table 1) indicate that the average error-magnitude (MAE) is larger
than the average reference error (2$MAD). The magnitude of each
negative value of dr, in addition, conveys the relative extent to
which the average reference error underrepresents the actual
average-error magnitude. When dr ¼ 0.2, for example, one
interpretation is that the reference-error average underrepresents
the average error-magnitude by 20 percent or, alternatively, is
(1 þ dr) times (80 percent of) the MAE. It also is true that the MAE
is [(1 þ dr)1] times larger than 2$MAD. Comparison between two
negative values of dr may be useful as well. When one model, for
example, posts a dr of 0.5 while another, less-accurate model
obtains a dr of 0.75, a fair interpretation is that the reference-error
average (2$MAD) underrepresents the ﬁrst MAE by 50 percent
whereas, in the second case (dr ¼ 0.75), the underrepresentation
is 75 percent. Such interpretations and comparisons are enhanced
because dr is constrained to asymptotically approach 1.0.
Legates and McCabe's (1999) E1, on the other hand, can decrease
Table 1
Hypothetical sets (cases) of average error magnitude (MAE), average observed deviation magnitude (MAD) and corresponding values of E1 and dr. Our reﬁned index of

agreement (dr) is evaluated separately over the positive ðdþ
r Þ and negative ðdr Þ
portions of its response domain.
MAE

MAD

MAE
E1 ¼ 1  MAD

MAE
dþ
r ¼ 1  2$MAD

0.0
5.0
10.0
15.0
20.0
25.0
40.0
80.0
200.0
400.0

10.0
10.0
10.0
10.0
10.0
10.0
10.0
10.0
10.0
10.0

1.0
0.5
0.0
0.5
1.0
1.5
3.0
7.0
19.0
39.0

1.0
0.75
0.5
0.25
0.0

2$MAD
d
r ¼ MAE  1

0.2
0.5
0.75
0.9
0.95

substantially over the negative part of its response domain (cf,
Table 1) and, as with dr, interpretations of its negative values
require some translation. Assessing and interpreting [(jE1j þ 1)1],
for instance, indicates the proportion (or percent) of the MAE that is
comprised of the MAD, while (jE1j þ 1) represents the number of
multiples that the MAE is larger than the MAD. When E1 ¼ 3.0, for
example, the MAD is 25 percent of the MAE while the MAE is 4
times larger than the MAD. Comparisons among differing negative
values of E1 can be made although interpretation may be somewhat
less certain, because of E1's unboundedness. Consider that, as the
magnitudes of negative values of E1 become increasingly large, they
may become less stable and/or less meaningful, with seemingly
large differences arising from only small or trivial changes within
the average errors or deviations. Mathevet et al. (2006) observed a
comparable issue with negative values of E, where a few highly
negative values sufﬁciently skewed multi-basin distributions of
efﬁciencies (E values) that meaningful statistics of the set of basin E
values could not be obtained.
Competing values of dr (or differences between competing
values of dr) can be usefully graphed and interpreted. Such graphical comparisons of differences between competing values of dr are
illustrated in two recent comparisons of models made by Ward
et al. (2013) and Gaitan et al. (2014). Once again, owing to the
behavior of E1 over the unbounded negative portion of its domain
(Willmott et al., 2012), comparing competing values of E1 is more
difﬁcult.
3.3. Scaling of E, E1 and dr: the value of c
Willmott et al. (2012) proffered that the scaling coefﬁcient (c)
should be 2.0, rather than the 1.0 implied by Nash and Sutcliffe
(1970) and Legates and McCabe (1999, 2013). The reasoning was
and is based on the fact that each error (Pi  Oi) is comprised
conceptually of two deviations about central tendency, usually
about the observed mean. A single error, in other words, can be
characterized as the difference between two deviations about the
observed mean, i.e. ½ðPi  OÞ  ðOi  OÞ. Furthermore, even though
the means cancel, 2n of these deviations yield n errors which, when
summed, equal the total error. The denominators in Equation (2)
and in part 1 of Equation (3) likewise should be comprised of n
squared errors or n errors; in which case, it (4$s2o or 2$MAD) becomes a conceptually balanced benchmark; and, importantly here,
2$MAD is what we refer to in this paper
as

 the reference-error
Oi  OÞ as a reference deviaverage. Of its elements,
we
refer
to
ð
 

ation and to ðOi  O þ Oi  OÞ as a reference error.
Each reference error can be interpreted as a likely maximum
distance that a perfect-model prediction, but with a sign error (i.e.,
Pi ¼ Oi), could be away from an actual observation. It is assumed
that Oi is observed without error and that the perfect-model prediction would be equal to Oi. A reasonable estimate of the magnitude of a model-predicted deviation also is thought to be contained
in the magnitude of an observed (reference) deviation. The sum of
two corresponding reference deviations, in turn, is considered to
represent a likely distance between the prediction of a very poor
model (one that covaries negatively with observations) and
observation. Although it may be argueddon an individual
prediction-deviation basisdthat our model-predicted-deviation
(reference-deviation) assumption is imperfect, we believe that
our estimated distribution of model-predicted deviations (reference deviations) is more reasonable. Taken together, these
reference-deviation and -error estimates form an envelope or distribution of reference-error variability. Our reference errors, in turn,
track twice the magnitudes of the observed deviations, and their
position and scale parameters follow the scaled observed parameters. The sum of these n reference errors is the reference-error total
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and, conveniently, the reference-error average is 2$MAD. The logic is
similar to that behind the “potential error” proposed by Willmott
and Wicks (1980) and Willmott (1981). And, once again, the
reference-error total and average are each comprised of 2n deviations. This reasoning leads to c ¼ 2.0; not c ¼ 1.0. We note that,
even if one uses c ¼ 1.0 with dr, dr is more readily interpretable than
is either E or E1 because of the ﬁnite bound on the negative portion
of dr's domain.
In contrast to dr, the fractional parts of E and E1 are scaled by n
errors over n/2 reference errors or 2.0. This makes E and E1
conceptually too low by a factor of 2.0. This also has the deleterious
effect of increasing the chance that an E or E1 value will fall within
the unbounded negative portion of E or E1's domain, discussed
below.
4. Origin forcing and baselines for E, E1 and dr
Values of E and E1 are zero, when the model predicts the
observed mean (O) as the estimate for each and every observation.
Legates and McCabe (2013), for instance, believe that E1 is “…
preferable to many other statistics … [including dr] … because [E1
has] … a fundamental meaning at zero.” Our interpretation differs,
however, in part because their origin (E1 ¼ 0.0 baseline, when Pi ¼
O for all i) can be too low, for reasons we describe below. We note
that dr ¼ 0.5, when Pi ¼ O for all i.
4.1. Two origin forcings: Pi ¼ O or Pi ¼ O±2$MAD, for all i
From an interpretational standpoint, dr ¼ 0.5, when Pi ¼ O for all
i, can be preferable to having E1 ¼ 0.0 with Pi ¼ O. Forcing E or E1 or
another index to zero, when Pi ¼ O for all i, understates an
important characteristic of such a modeldthat is, its ability to
predict values in the exact center of a set of independent (of the
model) observations (on average, no under- or over-prediction). We
suspect that such an origin forcing (E ¼ 0.0 or E1 ¼ 0.0, when Pi ¼ O,
for all i) tacitly arises from the common use of covariance-based
approaches to model building, wherein the mean of a ﬁt function
is forced to equal an observed mean. Our dr is intended to be used to
evaluate the predictions of a wider array of models than statistically
ﬁt models, especially numerical models of hydrologic and other
environmental processes. As the observations to which the model
estimates are to be compared should not inform these models, an
index value of zero, when Pi ¼ O, for all i, underrepresents the
ability of an unbiased model to estimate the independently
observed variable. Reliable models should well estimate the ﬁrst
few empirical moments of the independently observed variable
and especially its ﬁrst moment.
Our assertion that dr more faithfully communicates correspondence between observed and predicted ﬁrst moments can be
illustrated with a hypothetical example (Fig. 2). For purposes of this
example, it is postulated that the domain of the variable of interest
ranges from zero to 100, but that available observations only span a
limited portion of this domain. Predictions corresponding to these
observations by a hypothetical model are plotted against the observations in an observed-versus-predicted two-space. It is clear
(Fig. 2) that this hypothetical model fairly well estimates central
tendency within these observations and that the corresponding
value of dr (dr z 0.45) adequately conveys this. The corresponding
values of E and E1 (E z 0.46 and E1 z 0.09), on the other hand,
understate the predictive ability of this model.
A model's ability to correctly estimate the ﬁrst empirical
moment of an independently observed variable is nontrivial skill
which, in this case, dr z 0.5 better represents intuitively. Not only
does dr ¼ 0.5 better convey skill when Pi ¼ O, for all i, but when
dr ¼ 0.0 each and every Pi differs from the independently observed
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mean by the reference-error average (Pi ¼ O±2$MAD). Our origin
forcing of one average reference error from the mean better indicates the model's inability to correctly reproduce observed central tendency.
4.2. Baseline adjustments: f ( ) replaces O
Seibert (2001), Legates and McCabe (2013) and many others
make a point that the observed mean (O) can be an inadequate
baseline for measures like E1 and dr, and that other baselines, with
more realistic variability, may be preferable. They say, for example,
that “… the observed mean is not likely the most appropriate
[baseline] choice …” and “… that climatologists … must strongly
consider comparing their models against more appropriate baselines …” When a model estimates time-series values, for instance, it
may be useful to replace the overall mean of the observed time
series (O) with observed seasonal or monthly values. Oyler et al.
(2015) applied such baseline adjustments in order to reduce the
number of high values of dr that arose from their model successfully
explaining well-known seasonal-cycle variability in daily air
temperature.
While we agree that baseline adjustments or “benchmarks”
(Seibert, 2001) in place of O ought to be evaluated when appropriate, we also think that baseline comparisons with O should always be made, interpreted and reported, even when other baseline
adjustments are made. This is because index values computed with
alternate benchmark functions, perhaps derived from different sets
of observations, may not be sufﬁciently documented or reproducible and, in turn, meaningfully comparable; whereas O is well understood and comparisons of indices based on O can be made with
relative conﬁdence. Using more complicated baseline adjustments
or benchmarks, in other words, may make interpretations and
comparisons of indices more difﬁcult, because each different
benchmark is, in effect, an implicit rescaling of a modelperformance index. In some cases, however, using a clear-cut
benchmarkdsuch as a persistence modeldmay produce readily
interpretable results.
Such benchmark-dependent rescaling also is potentially more of
an issue with E and E1. As the benchmarks used are more representative of the observed variability than is the observed mean, the
values of E and E1 will be smaller and a greater number of them will
fall within the negative and unbounded portions of E and E1's
response domains, making straightforward interpretations and
meaningful comparisons of the performances of different models
or different benchmarks more troublesome. Interpretational difﬁculties associated with E also may be exacerbated since the relative
inﬂuence of each new squared deviation (from a new benchmark)
on the sum of squared deviations may change in a counterintuitive
way. Difﬁculty in interpreting the meaning of differences between
the negative and other index values in Legates and McCabe's (1999)
Table 1 illustrates these problems.
5. Comparative applications of E, E1 and dr to assess model
streamﬂow predictions
The Soil and Water Assessment Tool (SWAT) hydrologic model
(Arnold et al., 1998) applied to the Sierra Nevada range in California
(Fig. 1) is used to further explore the similarities and differences
among E, E1 and dr. SWAT is a basin-scale model designed to
simulate the entire hydrologic cycle, including surface runoff,
snowmelt, lateral soil ﬂow, evapotranspiration, inﬁltration, deep
percolation, and groundwater return ﬂows, at the sub-basin scale.
The Sierra Nevada SWAT model contains 379 sub-basins, wherein
each sub-basin contributes runoff to a larger basin (14 basins in
total for this model). Additional details about the SWAT model can
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be found in Neitsch et al. (2005). Full details on this speciﬁc Sierra
Nevada SWAT model, including input datasets and streamﬂow
calibration data, can be found in Ficklin et al. (2012). Its subdomains
include the modeled outlets of western slopes of the Sierra Nevada
that span the rivers entering reservoirs from the Sacramento River
to the north and the Kern River to the south (see Fig. 1 in Ficklin
et al., 2012 for a more-detailed map of the study area and subbasins). For our purposes, the model was run at a monthly time
step from 1950 to 2005.
Similar to a sensitivity analysisdto determine which changes in
model parameters result in large changes in streamﬂowdwe allow
model parameters (bj values) to vary within a physically meaningful range (Table 2):

bj : bj;abs_min  bj  bj;abs_max
where bj,abs_min is the model parameter minimum, bj,abs_max is the
model parameter maximum and j is the index of the model
parameter set, varying from 1 to m, to produce m model parameter
sets. Once the number of parameters for calibration as well as the
minimum and maximum physically-meaningful ranges are established, Latin Hypercube sampling (McKay et al., 1979) using a uniform probability distribution for each parameter is carried out,
leading to m different sets of model parameter combinations (with
m ¼ 500 for this work). It is important to note that the goal of this
exercise is not model calibration, but to assess the sensitivities of
the model-performance measures to multiple parameter sets. The
Sierra Nevada SWAT model was then run for each of the m
parameter combinations to allow m comparisons of observed and
simulated streamﬂow for each of three basins. Based on prior
knowledge of the region and previous SWAT model experience, we
varied 26 parameters relating to surface and groundwater hydrology, as well as snowpack generation and snowmelt (Table 2).
Observed and modeled monthly streamﬂows from all 500
model runs were used to generate values of E, E1 and dr for each
basin for the 1950e2005 period. Of the basins modeled (14 in total),

we assess the properties of E, E1 and dr for the American, Sacramento and Kern River basins, based on these 500 model simulations. The American, Sacramento and Kern River basins were
selected for analysis based on their differences in drainage area,
elevation, slope and runoff coefﬁcients (see Table 1 in Ficklin et al.,
2012; for details). The Kern is the driest and most southerly basin,
with low but variable ﬂow. For the three basins, dr is conﬁned to the
range of 0.176 to 0.863 while E and E1 range from 6.33 to 0.895
and 1.43 to 0.726, respectively (Fig. 3). It is clear that dr and E are
closely related, but in a somewhat inconsistent way due to the
squaring of both the error and observed variability terms in E. As
expected, there is a monotonic and functional relationship between
dr and E1 (see Fig. 3 in Willmott et al., 2012). In fact, when dr is
positive, E1 ¼ 2dr e 1, so E1 can never exceed dr (and E1 becomes
negative when dr < 0.5). When dr is negative, the relationship with
E1 is nonlinear (Willmott et al., 2012), but very few (1.8%) of the
model-parameter sets used here produced negative values of dr;
and only for the Kern Basin. Many of the model-parameter sets,
however, produce negative values of E and E1: 34.0% and 35.4%
respectively. As the negative portions of the domains for E and E1
are unbounded, interpretations of the magnitude of these values
become problematic and this remains an important limitation for
both of those statistics.
To further illustrate the properties and interpretations of dr, we
analyze the two model-parameter solutions that produced the
lowest and highest values of dr for the Kern River basin; what we
will call the “worst” and “best” models. Scatterplots of observed
and predicted monthly streamﬂow for the “worst” model show
clear problems of model over-prediction when observed values are
near-zero and model under-prediction for some of the highest
monthly values in the Kern River basin (Fig. 4). All three modelevaluation statisticsddr, E, and E1dare negative for the worst
model solution. Because observed streamﬂow within the Kern
River basin is relatively low, but quite variabledand the variability
term appears in the denominator of both E and E1 (it does not for dr
when it is negative)drelatively small variations in the overall error

Table 2
Parameters of the basin-scale streamﬂow model (SWAT) that were randomly varied between their minimum (bj,abs_min) and maximum (bj,abs_max) values to obtain 500
different model-parameter solutions for sub-basins in the Sierra Nevada range.

*

Parameter

Minimum Maximum Description

ALPHA_BF
ALPHA_BNK
GW_DELAY
GW_REVAP
GWQMIN
LAT_TTIME
REVAPMN
CN
SLSOIL
SOL_AWC
SOL_K
SOL_BD
CH_N2
CH_K2
EPCO
ESCO
SURLAG
PLAPS
TLAPS
SFTMP
SMFMN
SMFMX
SMTMP
SNO50COV
SNOCOVMX
TIMP

0
0
0
0.02
0
0
0
15
15
15
15
15
0
0
0
0
1
0
10
5
0
0
5
0.01
0
0.01

1
1
500
0.2
5000
180
500
15
15
15
15
15
0.3
150
1
1
24
1000
0.1
5
10
10
5
0.9
500
1

STATSGO: State Soil Geographic Data.

Baseﬂow recession constant (unitless)
Groundwater
Baseﬂow alpha factor for bank storage (unitless)
Groundwater delay time (days)
Groundwater revap coefﬁcient for movement of groundwater to unsaturated zone (unitless)
Threshold depth of water in the shallow aquifer required for return ﬂow to occur (mm)
Lateral soil water travel time (days)
Threshold depth of water in the shallow aquifer for revap or percolation to the deep aquifer to occur (mm)
Curve Number (% change from default value)
Surface water
Slope of soil (% change from default value)
Available water content of soil (% change from STATSGO value)
Saturated hydraulic conductivity of soil (% change from STATSGO value)
Bulk density of soil (% change from STATSGO value)
Manning's “n” value for the channel (unitless)
Effective hydraulic conductivity of channel alluvium (mm/hr)
Plant uptake compensation factor (unitless)
Soil evaporation compensation factor (unitless)
Surface runoff lag coefﬁcient (days)
Precipitation lapse rate for elevation differences (mm H2O/km)
Snowpack/snowmelt
Temperature lapse rate for elevation differences (oC/km)
o
Snowfall temperature ( C)
Melt factor of snow on December 21st (mm H2O/oC-day)
Melt factor of snow on June 21st (mm H2O/oC-day)
Snowmelt base temperature (oC)
Fraction of snow volume that represents 50% snow cover (unitless)
Minimum snow water content that corresponds to 100% snow cover (mm H2O)
Snowpack temperature lag factor (unitless)
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Fig. 4. Observed and modeled monthly streamﬂow for the Kern River basin from January 1950 to December 2005. The two sets of model parameters that produced the lowest (left)
and highest (right) dr values are shown. The 1:1 line and values of dr, E1, and E are provided for both cases.

of poor models can result in wide ﬂuctuations in these unbounded
statistics. The “best” model produces positive values for dr, E, and
E1: 0.575, 0.415, and 0.151 respectively. Overall, the “best” modelparameter solution slightly overestimates some of the lower
streamﬂow values while accurately simulating the higher values, so
the relatively low value of E1 is somewhat counter-intuitive. As
outlined above, we argue that this is because dr is more indicative of
average model-performance errors than are values of E1 or E (and E
has the additional limitation associated with the squaring of error
and observed variability terms).
6. Concluding remarks
Within this paper, we explain and analyze pertinent characteristics of three dimensionless model-performance statistics; Nash
and Sutcliffe's (1970) E, Legates and McCabe's (1999) E1 and
Willmott et al.'s (2012) dr. The behavior of E also has broader implications because it is typical of the class of measures sometimes
referred to as benchmark measures (Seibert, 2001). Conceptual and
algebraic comparisons are made among these three statistics and
our assessments are supported by comparisons of how well each of
these three indices are able to describe the predictive abilities of a
set of re-parameterized versions of the SWAT streamﬂow model
applied to the American, Sacramento and Kern River basins within
California.
Even though the three model-performance statistics considered
here are similar in form and dimensionless, we show that interpretations of dr often are more straightforward than interpretations of E or E1, giving dr wider applicability. Its (dr's) scaling
has a credible conceptual basis, and its origin (dr ¼ 0.0, when
Pi ¼ O±2$MAD, for all i) allows models that well-estimate central
tendency to receive a higher score than does E or E1 (E ¼ 0.0 and
E1 ¼ 0.0, when Pi ¼ O). We also observe that, if one has good reason
to use an alternate (to c ¼ 2.0) scaling of dr or to use a more realistically varying benchmark than O, the algebraic structure of dr
easily accommodates this. Lastly, the negative portions of E's and
E1's domains are unbounded, while all of dr's variability occurs
within a bounded (by 1.0 and 1.0) domain. This makes visualizations and interpretations of negative values of drd associated
with poorly performing modelsdmore straightforward.
Our ﬁndings indicate that E1 and dr are superior to E and its
related benchmark measures (Seibert, 2001); that is, when used in
assessing model performance rather than in model-training efforts.
The reason is that average-error and agreement measures which

are based on sums of error magnitudes are, in general, superior to
comparable measures based on sums of squared errors (Willmott
and Matsuura, 2005, 2006; Willmott et al., 2009). Our examinations of and comparisons among dr, E1 and E underscore the
importance of evaluating and reporting a meaningful dimensionless measure of model performance in virtually all modelassessment or -comparison studies. Of the three measures
considered, our ﬁndings indicate that dr is more versatile and
readily interpretable. It (dr) can be applied to virtually any set of
pairwise model-predicted and observed values (having comparable
units) and values of dr can be usefully compared across studies.
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